
1. INTRODUCTION
In the classical analytical methods used in the engi-
neering design of retaining walls (e.g. based on
Coulomb [1] or Rankine’s [2] theory) it is assumed
that soil is a rigid – ideally plastic material, which
means that there is no strain observed until the failure
criterion is achieved. Only three cases are taken into
account: the minimal active pressure (plastic equilibri-

um in expansion) – when soil moves or rotates out-
wards from the wall, the at-rest pressure (elastic equi-
librium), when there is no lateral displacement and
the passive pressure (plastic equilibrium in contrac-
tion), when the wall moves towards the soil.
Distribution of stress along the wall height is believed
to be triangular or, when surcharge load is present,
trapezoidal. To mobilize the maximum or the mini-
mum value of stress the observed lateral displacement
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A b s t r a c t
The paper presents results of a numerical study of the influence of dilatancy angle on stress distribution behind a gravity
retaining wall. The analysis has been conducted with the use of the finite element method. Elastic-perfectly plastic consti-
tutive model with Coulomb-Mohr failure criterion was applied to simulate coarse soil behaviour. Twelve cases with differ-
ent values of internal angle of friction ��’ (30°, 36° or 42°) and the ratio αα between the dilatancy angle ��’ and ��’ (0, 1/3, 2/3
or 1) were considered. The analysis has revealed that the influence of the choice of dilatancy angle value is observed main-
ly at the lowest part of the retaining wall, where the pressure acting on the wall is the highest. The resultant maximum stress
may be there even 30% higher when αα changes from 1 to 0, which is probably the main reason of the observed lower bear-
ing capacity or divergence of calculations in the cases when the difference between ��’ and ��’ is greater than 20°.

S t r e s z c z e n i e
W pracy przedstawiono wyniki analizy numerycznej wpływu kąta dylatancji na rozkład naprężeń za ścianą oporową. Analiza
ta została przeprowadzona przy użyciu metody elementów skończonych. Do opisu zachowania gruntu użyto modelu spręży -
sto-idealnie plastycznego z kryterium zniszczenia Coulomba-Mohra. Uwzględniono dwanaście przypadków z różnymi
wartościami kąta tarcia wewnętrznego ��’ (30°, 36° lub 42°) i stosunkiem αα między wartościami kąta dylatacji ��’ i ��’ (0, 1/3,
2/3 lub 1). Analiza wykazała, że wpływ wybóru wartości kąta dylatacji obserwowano głównie w najniższej części ściany
oporowej, gdzie ciśnienie działające na ścianki jest najwyższa. Powstałe maksymalne naprężenie może być tam nawet o 30%
wyższe gdy αα zmienia się od 1 do 0, co jest prawdopodobnie głównym powodem obserwowanej niższej nośności lub roz-
bieżności obliczeń w przypadkach gdy różnica między ��’ i ��’ jest większa niż 20°.
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Numerical FEM analysis.
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of the wall should achieve some critical value, which
in a real case may not occur [3, 4].  
A numerical analysis with the use of finite element
method (FEM) and even very simple elasto-plastic
constitutive model with Coulomb-Mohr failure crite-
rion (CM) has an advantage over the analytical calcu-
lations, as it makes it possible to consider gradual
yielding of soil. As a consequence, it becomes possible
to estimate not only the state of stress acting on the
wall’s face in the three cases mentioned above (active,
at-rest or passive), but to solve a complex, true, soil –
structure interaction problem in terms of evaluation
of stresses and strains in the whole mass of soil sur-
rounding the retaining wall and at each stage of load-
ing. The results of such a study may be next compared
with the in situ measurements of displacements. 
Obviously the quality, reliability and accuracy of the
outcome depend greatly on the selection of the con-
stitutive model and estimation of their parameters’
values. 
The proper definition of yielding in the CM model
requires estimation of the effective values of internal
angle of friction φ’ and cohesion c’, which describe
the yield surface F (p’, q, θ) = 0, and the effective
value of dilatancy angle ψ’ which defines the poten-
tial surface G (p’, q, θ) = 0 and determines whether
the plastic flow rule is associated (ψ’ = φ’) or non-
associated (ψ’ 
 φ’). The two first parameters can be
usually assessed based on the results of basic field or
laboratory tests. The dilatancy angle value, however,
is most often taken a priori, without any oriented
research, even though just like all the other parame-
ters of the CM model, it has a physical meaning and
so could be estimated experimentally as the ratio
between a plastic volumetric strain increment δεvol

p

and a plastic shear strain increment δεs
p. The

observed dilatancy angle varies from about 0° to less
than φ’. For sands and gravels with internal angle of
friction φ’ > 30° the dilatancy angle usually equalsψ’ = φ’ � 30°.
In solving back-analysis problems, e.g. as a part of a
procedure of global calibration of a numerical model,
in which CM model is used, the dilatancy angle is quite
often treated as a variable in order to fit the field mea-
surements to the FEM results. It becomes then a coef-
ficient of regression, without any physical meaning. 
It is worth noting here that the dilatancy angle is
absent, when the pressure exerted on a retaining wall
is calculated analytically according to Coulomb’s or
Rankine’s theory – it means thus that ψ’ = φ’ is
assumed.

2. PURPOSE OF THE RESEARCH AND
ITS BACKGROUND 
The purpose of the research presented in this paper
is determination of the influence of the ratio between
the dilatancy angle and the internal angle of friction
(α = ψ’/φ’) on the theoretical distribution of stress
behind a retaining wall with a surcharge load, when
estimated with the use of a numerical FEM analysis.
The results will be compared with the ones obtained
on the basis of the Rankine’s theory. 
The numerical model of the gravity retaining wall
chosen for these calculations is the same one, which
was analysed and described by the Author in the con-
ference paper [5], in which the influence of ψ’ on
bearing capacity and rotation of the wall was exam-
ined. It was there concluded that an increase of ψ’
value results in decrease of rotation and increase of
the allowable load. It was also revealed that if the dif-
ference between ψ’ and φ’ is greater than 20° conver-
gence problems occur and it is then impossible to
achieve failure of the structure numerically. 
According to the Author’s knowledge so far there are
no publications about the impact of dilatancy angle
on distribution of stress mobilized behind a retaining
wall with the loaded backfill. Three publications,
however, are worth mentioning:
1) according to Serrano et al. [6], who analysed theo-

retically the pressures acting on retaining walls
with the use of Hoek-Brown law, the lateral stress
should increase with the increase of dilatancy
angle; 

2) mobilization of active earth pressure analysed
numerically in [7] proved that with ψ’ = 0° (non-
dilatant flow) an arching effect at deeper levels of
backfill behind a wall moving horizontally out-
wards is observed, resulting in nonlinear distribu-
tion of stress, which increased with wall displace-
ment; 

3) the nonlinear distribution of lateral stress and its
dependency on the mode of wall movement (trans-
lation, rotation about the wall’s top or base) was
also noticed by Potts and Fourie [3] (unfortunate-
ly with no information about the value of the dila-
tancy angle).
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3. NUMERICAL ANALYSIS
3.1. Model
The influence of dilatancy angle was analysed on an
example of a concrete gravity retaining wall embed-
ded in a dry non-cohesive soil. Plane strain mode was
considered in the FEM code ZSoil 2012 Student
v.12.19. The soil was modelled with the use of CM
theory and the wall was described with a linear elas-
tic constitutive model. Interface elements were
inserted between the soil and the wall to achieve their
independent displacements. The overall size of the
model was 7.5 m (height) and 12.0 m (width). The
shape and dimensions of the gravity wall, its loading
and a fragment of the finite elements mesh are pre-
sented in Fig. 1, together with the definition of a
resultant stress σres and its inclination δ. The sur-
charge load q was applied along the distance of
2.45 m, starting 5 cm from the wall.
Twelve combinations of different values of internal
angle of friction φ’ (30°, 36° and 42°) and dilatancy
angle ψ’ (= 0°, = 1/3 φ’, = 2/3 φ’, = φ’) were con-
sidered. The parameter values applied to all the finite
elements are listed in Table 1. 
It was assumed that the different values of internal
angles of friction correspond to three different soils,
e.g. fine sand, coarse sand and gravel – hence the
variation in the values of Young moduli, which were
assumed accordingly based on PN-81/B-03020 [8].
The values of coefficient of earth pressure at rest K0

were calculated based on the well-known formula by
Yaky [9]:

K0 = 1 � sin φ’                         (1)

The non-zero cohesion, which can be explained by
interlocking of grains (see e.g. [10, 11]),  was applied
to avoid numerical problems at the model surface.
The values of interface elements’ parameters were
assumed, in accordance to [12], dependent on their
location. So, in the elements under the wallφ’cont = φ’ was applied, in elements behind the wall

(surcharge side) it was: φ’cont = 2/3 φ’ and in front of
the wall: φ’cont = 1/2 φ’. The dilatancy angle values of
interface elements were applied just like in the soil
model as a proportion of φ’cont. The surcharge load
was increased gradually in 5 kPa (or smaller) steps
until divergence occurred. 

3.2. Results
The resultant stress σres distributions for the cases
where φ’ = 36° and surcharge loads q = 0 kPa, 
40 kPa, 80 kPa and 120 kPa are presented in Fig. 2. 
In case of φ’ = 30° and φ’ = 42° the surcharge loads of
0 kPa, 20 kPa, 40 kPa, 60 kPa and 0 kPa, 80 kPa, 160
kPa, 240 kPa were considered respectively (called fur-
ther 0_SL, 2_SL, 4_SL and 6_SL), as it was established
that the bearing capacities of the wall were about two
times smaller when φ’ = 30° and two times greater
when φ’ = 42°. Because of the necessity of keeping the
paper as concise as possible, only the results for the
case of φ’ = 36° are presented graphically. 
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Table 1.
Values of parameters used in the analysis (γγ’ – unit weight, νν – Poisson ratio, c’ – cohesion, E – Young modulus, K0 – coefficient of
earth pressure at rest) γ’ 

kN/m3
ν
-

c’
kPa

E
MPa

φ’
°

K0

-
ψ’
°

Soil 20 0.25 5

40 30 0.5            0 / 10 / 20 / 30

170 36 0.41 0 / 12 / 24 / 36

240 42 0.33 0 / 14 / 28 / 42

Retaining wall 25 0.2 - 29 000 - - -

c

Figure 1.
Shape and dimensions of the gravity wall (a fragment of
FEM mesh) and definitions of resultant stress σres and incli-
nation angle δδ
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The cross-section was drawn parallel to the wall
through the centres of the first layer of finite ele-
ments simulating soil – at the distance of 2.5 cm from
the wall. Similarly like in [3] and [7], the stress distri-
bution is nonlinear. Due to arching caused by the
existence of interface elements and the fact that the
surcharge load is not applied directly above the ele-
ments, which are considered, the stress at the top of
the wall is close to 0 kPa, no matter which surcharge
load is applied. For 0_SL the graph along the AB seg-
ment is parabolic and for 2_SL – saddle-like. Only in
the cases 4_SL and 6_SL, starting from the depth of
about 25 cm from the top of the wall and ending
below point B, where the resistance of soil in front of
the wall is activated, the σres distribution resembles a
trapezium – like in the Rankine’s theory. Yet the val-
ues of the resultant stresses there are close to the
Rankine’s active pressure only in the case ofφ’ = ψ’ = 42°. The smaller is the internal angle of
friction the smaller is the stress when compared with
the Rankine’s active pressure. The highest values of
the resultant stress are noted below point B. This is
the place where ψ’ influence becomes very noticeable
(see Fig. 3). In all the cases analysed, if only the sur-
charge load is greater than 0 kPa, it is observed that

the lower is the ratio α, the greater is the rapid
increase of σres at the bottom of the wall. The biggest
observed “jump” equal to 29% (when compared with
the stress for α =1) is obtained when φ’ = 36° and
q = 40 kPa. Taking into account that the maximum
allowable load is not achieved when the difference
between ψ’ and φ’ is lower than 20° [5], the expected
increase of stress would probably be even greater for
higher values of the surcharge load. 
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Figure 3.
Resultant stresses at point B (h = 0.5 m) (φφ’ = 36°)

Figure 2.
Resultant stress distributions along the segment A-C (φφ’ = 36°)
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The ratio K between the resultant stress acting on the
wall σres and vertical overburden stress (γ’z + q)
(Fig. 1) may be assumed as constant only for the
cases where q ≫ 0 kPa (Fig. 4). The difference
between the value of K obtained in the numerical
analysis (Knum) and the one calculated based on [12]
(KPN) according to the Rankine’s proposal for active
pressure is decreasing with the increase of φ’
(Table 2). 
The influence of dilatancy angle on K value is clearly
visible at the top of the wall, but it concerns only the
cases with low surcharge load. This is also true as far
as the inclination angle δ is concerned. However, tak-
ing into account that the σres values are small in this
region, this impact may be ignored. 

4. CONCLUSIONS
Assumption of an associated plastic flow rule
(ψ’ = φ’) in numerical analyses of retaining walls
may result in underestimation of the maximum stress
acting in the soil behind the structure. Thus very
important becomes estimation of the true dilatancy
angle in laboratory or in situ tests. 
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