
1. INTRODUCTION
An understanding of the mechanism of the formation
of localized zones (width and spacing) in concrete
materials is crucial to evaluate the mobilized material
strength close to the peak and in the post-peak regime
and the related size effect, and thus to ensure safety to
the civil engineering structures (Bažant and Planas
[1]). The mechanism of strain localization strongly
depends upon a heterogeneous structure of materials
over many different scales, changing e.g. in concrete
from the few nanometers (hydrated cement) to the
millimetres (aggregate particles). Therefore, to take

strain localization into account, material composition
(micro-structure) has to be taken into account (Bažant
and Planas [1], Lilliu and van Mier [2], Nielsen et al.
[3], Sengul et al. [4], Kozicki and Tejchman [5], He
[6]). At the meso-scale, concrete can be considered as
a composite material by distinguishing 3 important
phases: cement matrix, aggregate and interfacial tran-
sition zones ITZs. In particular, the presence of aggre-
gate and ITZs is important since the volume fraction
of aggregate can be as high as 70-75% in concrete and
ITZs are always the weakest regions in concrete. The
concrete behaviour at the meso-scale fully determines
the macroscopic non-linear behaviour. The advantage
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A b s t r a c t
This paper presents the effect of the aggregate characteristics on the fracture behaviour of fine-grained concrete under
quasi-static three-point bending. Concrete was modelled as a random heterogeneous three-phase material. The 2D simula-
tions for notched concrete beams were carried out with the finite element method using an isotropic damage constitutive
model enhanced by a characteristic length of micro-structure by means of a non-local theory. The effect of the volume frac-
tion, shape, size and statistical distribution of aggregate was analysed. The numerical results were compared with own lab-
oratory test results and other meso-scale calculations for three-phase concrete elements.

S t r e s z c z e n i e
Artykuł przedstawia analizę wpływu kruszywa na zjawisko pękania drobnoziarnistego betonu podczas quasi-statycznego
trzypunktowego zginania. Beton został opisany jako stochastyczny i niejednorodny materiał trzyfazowy. Dwuwymiarowe
obliczenia numeryczne dla betonowych belek z nacięciem wykonano metodą elementów skończonych stosując izotropowy
materiałowy model z degradacją sztywności rozszerzony o długość charakterystyczną mikrostruktury przy zastosowaniu
teorii nielokalnej. Analizowano wpływ procentowej zawartości, kształtu, wielkości i rozkładu losowego ziaren kruszywa.
Wyniki obliczeń numerycznych porównano z wynikami własnych badań laboratoryjnych oraz podobnych obliczeń
numerycznych dla trzyfazowych elementów betonowych.
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of meso-scale modelling is the fact that it directly
simulates micro-structure and can be used to com-
prehensively study local phenomena at the micro-
level such as the mechanism of the initiation, growth
and formation of localized zones and cracks (He [6],
Kim and Abu Al-Rub [7], Shahbeyk et al. [8]).
Through that the mesoscopic results allow for a bet-
ter calibration of continuum models enhanced by
micro-structure and an optimization design of con-
crete with enhanced strength and ductility. The dis-
advantages are: very high computational cost, inabil-
ity to model aggregate shape accurately and the diffi-
culty to experimentally measure the properties of
ITZs. The concrete behaviour at the meso-scale can
be described with continuum and discrete models. In
this study we used an enhanced continuum approach.
The intention of our 2D meso-mechanical continuum
calculations is to investigate the effect of the aggre-
gate characteristics on the fracture behaviour of a
fine-grained notched concrete beam under tensile
loading during quasi-static three-point bending.
Concrete was modelled as a random heterogeneous
three-phase material. To obtain mesh-objective FE
results for concrete specimens with localized zones, a
simple isotropic continuum constitutive damage
model (Marzec et al. [9], Skarżyński and Tejchman
[10]) enhanced by a characteristic length of micro-
structure by means of a non-local theory (Pijauder-
Cabot and Bažant [11], Bažant and Jirasek [12],
Bobiński et al. [13]) was used. The effect of meso-
structural features such as volume fraction, shape,
size, statistical distribution and grading curve of
aggregate was carefully analysed. The results of our
mesoscopic level analyses were directly compared
with corresponding laboratory test results with
notched concrete beams, where the width, length and
shape of a localized zone on the surface of notched
concrete beams was determined with a Digital Image
Correlation (DIC) technique (Skarżyński et al. [14]).

2. CONSTITUTIVE MODEL FOR CON-
CRETE
A simple isotropic damage continuum model was
used for describing the material degradation with the
aid of a single scalar damage parameter D, growing
monotonically from zero (undamaged material) to
one (completely damaged material) (Katchanov [18],
Simo and Ju [19]). The relationship between the
stress σij and strain tensor εkl is

where D denotes the scalar damage parameter grow-
ing monotonically from zero (undamaged material)
to one (completely damaged material) and Ce

ijkl is the
linear elastic material stiffness matrix. The loading
function of damage is as follows

where κ0 denotes the initial value of κ when damage
begins. If the loading function f is negative, damage
does not develop. During monotonic loading, the
parameter κ grows (it coincides with ε∼) and during
unloading and reloading it remains constant. A
Rankine failure type criterion was assumed to define
the equivalent strain measure ε∼ (Jirasek and Marfia
[20])

where E denotes the modulus of elasticity and σi
eff are

the principal values of the effective stress tensor

If all principal stresses are negative, the loading func-
tion f is negative and no damage takes place.

To describe the evolution of the damage parameter D
determining the shape of a softening curve during
tensile loading, the exponential law was used
(Peerlings et al. [21])

where α and β are the material constants. The consti-
tutive isotropic damage model for concrete requires
5 material constants only (2 elastic and 3 plastic): E,ν, κ0, α and β. The model is mainly suitable for tensile
failure in quasi-brittle materials (Marzec et al. [9],
Skarżyński et al. [14]). Its disadvantages are that it
cannot realistically describe irreversible deforma-
tions, volume changes and shear failure.
To capture strain localization in concrete, to obtain
mesh-independent results and finally to include a
characteristic length of micro-structure lc (which
determines the width of a localized zone), an inte-
gral-type non-local theory was used in FE simulations
as a regularization technique (Bažant and Jirasek
[12], Bobiński and Tejchman [25]). The equivalent
strain measure ε∼ was replaced by its non-local value
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ε� (Pijauder-Cabot and Bažant [11]) to evaluate the
loading function (Eq.2) and to calculate the damage
threshold parameter κ
where V – the body volume, x – the coordinates of the
considered (actual) point, ξ – the coordinates of sur-
rounding points and ω – the weighting function. As a
weighting function ω, the Gauss distribution function
was used

where the parameter r is a distance between two mate-
rial points. The averaging in Eq. 7 is restricted to a
small representative area around each material point
(the influence of points at the distance of r=3�lc is only
0.01%). To obtain fully mesh-objective FE results, the
maximum size of finite elements should be equal to
(2-3)�lc (Bobinski and Tejchman [25]). A characteris-
tic length is usually related to material micro-structure
and is determined with an inverse identification
process of experimental data (Le Bellěgo et al. [26],
Skarzyński et al. [14]). The FE calculations were car-
ried out using a large-displacement analysis. The non-
local averaging was performed in the current configu-
ration.

3. INPUT DATA FOR MESOSCOPIC FE
CALCULATIONS
Two-dimensional mesoscopic FE simulations were
performed with a small-size notched free-supported
beam made from fine-grained concrete
(80×320�40 mm3) subjected to quasi-static three-
point bending (Fig. 1). The same concrete beam was
experimentally investigated by Le Bellěgo et al. [26])
and by Skarżynski et al. [14] in size effect tests. The
beam was subjected to a vertical displacement at the
top mid-point at a very slow rate. Concrete at the
meso-scale was considered as a three-phase material
encompassing cement matrix, aggregate and interfa-
cial transition zones (ITZs) between cement matrix
and aggregate. Four different fine-grained concrete
mixes were numerically analysed with the mean
aggregate size d50=2 mm, d50=4 mm, d50=4 mm and
d50=0.5 mm, respectively (Fig. 2). To reduce the
number of aggregate grains in calculations, the size of

the smallest inclusions had to be limited (Fig. 2). The
final aggregate size varied between the minimum
value dmin=2 mm and maximum value dmax=8 mm
(aggregate size distribution curve “a” of Fig. 2),
dmin=2 mm and dmax=10 mm (aggregate size distrib-
ution curve “b” of Fig. 2), dmin=2 mm and
dmax=6 mm (aggregate size distribution curve “c” of
Fig. 2) and dmin=0.25 mm and dmax=3 mm (aggregate
size distribution curve “d” of Fig. 2). The aggregate
was generated according to the method given by
Eckardt and Könke [27]. The aggregate was random-
ly placed starting with the largest ones and preserving
a certain mutual distance (van Mier et al. [28])

where Dp is the distance between two neighbouring
particle centres and D1, D2 are the diameters of two
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Figure 2.
Aggregate size distribution curves assumed for FE calcula-
tions (note that small aggregates were cut off to reduce the
computation time)

Figure 1.
Geometry of small-size notched concrete beam with thick-
ness of 40 mm subjected to quasi-static three-point bending
used in tests by Le Bellěgo et al. [26] and Skarżyński et al.
[14] (P – vertical force, D =80 mm – beam height)

c
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particles, respectively. The aggregate volume fraction
was ρ= 30%, ρ= 45% or ρ= 60%.

For the sake of simplicity, the FE calculations were
carried out with one set of the material constants E, ν,κ0, α, β and lc given in Tab.1, which were prescribed to
finite elements corresponding to a specified concrete
phase. These material constants were determined
with the aid of comparative FE analyses of both the
load-deflection curves and width of a localized zone
above the notch with corresponding laboratory exper-
iments (Le Bellěgo et al. [26] and Skarżynski et al.
[14]) which were carried out with 3 geometrically sim-
ilar notched beams using fine-grained concrete (with
dmax=8.0 mm and d50=2.0 mm corresponding to the
curve “a” of Fig. 2) and very fine-grained concrete
(with dmax=3.0 mm and d50=0.5 mm corresponding
to the curve “d” of Fig. 2) (Figs. 3 and 4) (Skarżyński
and Tejchman [10]). The modulus of elasticity E and
crack initiation strain κ0 were solely changed in 3
phases (the remaining constants were the same:υ=0.2, α=0.95, β=200 and the mesoscopic character-
istic length lcm=1.5 mm). In turn, the macroscopic
calculations for a homogeneous concrete material
were carried out with the following material con-
stants: E=38.5 GPa, ν=0.2, κ0=1.3×10-4, α=0.95,β=400 and the macroscopic characteristic length
lc=2 mm (Skarżyński and Tejchman [10]). In general,
the material constants should be determined with lab-
oratory tensile tests for each phase (that is certainly
possible for aggregate and cement matrix but not fea-
sible for ITZs). Since the material constants for
aggregate and cement matrix were not separately
determined with laboratory experiments, other rela-
tionships between material constants E and κ0 were
also possible to obtain a satisfactory agreement
between experiments and FE analyses. ITZ was
assumed to be the weakest component where damage
was always initiated (Lilliu and van Mier [2], Kozicki
and Tejchman [5]). The FE-meshes included up to
560’000 triangular elements. The size of finite ele-
ments was small enough to obtain mesh-objective
numerical results: sa=0.5 mm (aggregate),
scm=0.1-0.2 mm (cement matrix) and sITZ=0.1 mm
(ITZ). Due to the fact that the measured width of a
localized zone was slightly dependent upon the con-
crete mix (Skarżyński et al. [14]), the mesoscopic
characteristic length lcm was simply imposed so that
the numerical results agreed with the experimental
observations. In our future numerical investigations,
it will be related to concrete microstructure (aggre-
gate size or aggregate spacing).
Typical experimental force-deflection curves with
notched beams of fine-grained concrete obtained in
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Figure 3.
Calculated nominal strength 1.5Pl/(bD2) versus normalised
beam deflection u/D (P – vertical force, u – beam deflection,
D – beam height, b – beam width, l – beam span): A) meso-
scopic FE results, B) experiments by Le Bellěgo et al. [26]:
1) small-size beam 80×320 40 mm3, 2) medium-size beam
160×640×40 mm3, 3) large-size beam 320×1280×40 mm3

(three-phase random heterogeneous fine-grained concrete
with characteristic length of micro-structure of 1.5 mm)
(Skarżyński and Tejchman [14])

Figure 4.
Formation of localized zone with mean width of
wc=3.5-4.0 mm directly above notch in 3 different experi-
ments with small-size notched beam 80×320×40 mm3 using
DIC (vertical and horizontal axes denote coordinates in
[mm] and colour scales strain intensity) (Skarżyński et al.
[14])
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experiments by Le Bellěgo et al. [26] and in FE meso-
scopic analyses by Skarżyński and Tejchman [10] are
presented in Fig. 3 (the maximum vertical force
occurred at the beam deflection of u=0.02-0.03 mm).
In turn, Fig. 4 shows the formation of a localized

zone on one side of the surface of a fine-grained
small-size concrete beam above the notch from labo-
ratory tests by Skarżyński et al. [14] using a Digital
Image Correlation technique DIC, which is an optical
way to visualize surface displacements by successive
post-processing of digital images taken at a constant
time increment from a professional digital camera
(based on displacements, strains can be calculated).
A localized zone occurred always before the peak on
the force-deflection diagram and was strongly curved.
In some cases, it branched. The measured width of a
localized zone above the notch increased during
deformation due to concrete dilatancy (Fig. 5A) up
to wc=3.5-4.0 mm (�dmax) in the range of the deflec-
tion u=0.01-0.04 mm until a macro-crack was creat-
ed. The maximum height of a localized zone above
the notch was about hc=50-55 mm at u=0.04 mm
(Fig. 5B). The width of a localized zone slightly
depended upon the concrete mix type and beam size
(Skarżyński et al. [14]).
The beam was modelled as a partially homogeneous
and partially heterogeneous with a meso-section in
the neighbourhood of the notch to reduce the com-
putation time (Fig. 6). Based on earlier FE calcula-
tions, the minimum width of the heterogeneous
region bms=D near the notch should be equal to
beam height D in order to obtain similar results as in
the entirely heterogeneous beam (Skarżyński and
Tejchman [10]).
The calculated width of a localized zone above the
notch was determined at the beam deflection of
u=0.15 mm based on the non-local softening strain
measure ε� (Eq.6). As the cut-off value ε�min =0.025
was always assumed at the maximum mid-point value
of ε�max=0.08-0.13.

4. MESOSCOPIC FE RESULTS
Below the numerical 2D effect of different parameters
such as the aggregate distribution, aggregate volume
and aggregate shape on the material behaviour (load-
deflection curve and strain localization) is described.
The parameters were varied independently.

4.1. Effect of stochastic aggregate distribution
The effect of a random distribution of round-shaped
aggregate particles in the concrete beam on the
force-deflection diagram and width of a localized
zone is shown in Figs. 7 and 8. The aggregate volume
was ρ=45% using two aggregate size distribution
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Figure 5.
Evolution of width wc (A) and height hc (B) of localized zone
with deflection u directly above notch in experiments with
small-size notched beam 80×320×40 mm3 of fine-grained
concrete using DIC: a) aggregate d50=2 mm and dmax=8 mm,
b) aggregate d50=0.5 mm and dmax=3 mm (× - maximum ver-
tical force, • - formation of macro-crack)

Figure 6.
FE mesh: three-phase heterogeneous concrete in notch
neighbourhood with round shaped aggregate, cement matrix
and interfacial transition zones ITZ and one-phase homoge-
neous concrete in remaining region

a

b
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curves “a” (dmin=2 mm, dmax=8 mm) and “d”
(dmin=0.25 mm, dmax=3 mm) of Fig. 2, respectively.
The ITZ thickness was always tb=0.25 mm (Gitman
et al. [15]).

All stochastic force-deflection curves are obviously
the same in the almost entire elastic regime.
However, they are significantly different at and after
the peak (Fig. 7) due to a localized zone propagating
between aggregate distributed at random, which is
always non-symmetric and curved (Fig. 8). The dif-
ference in the strength is about 10-20%. The calcu-
lated width of a localized zone is approximately
wc=4.5 mm=3�lcm=9�scm independently of dmin and
dmax (as in our tests, Skarżyński et al. [14]). The cal-
culated localized zone is created at about
u/D=0.0003 (u=0.024 mm) and its width increases
during the deformation process.
A similar strong stochastic effect was also observed in
FE calculations by Gitman et al. [15] and He [6].
Surprisingly, a negligible stochastic effect was found
in FE simulations by Kim and Abu Al-Rub [7].

4.2. Effect of aggregate shape and aggregate size dis-
tribution
To model the effect of the aggregate shape, four dif-
ferent grain shapes were taken into account, namely:
circular, octagonal, irregular (angular) and rhom-
boidal (Fig. 9) keeping always the volume fraction
and centres of grains constant (lcm=1.5 mm, ρ=60%,
tb=0.25 mm).

The aggregate shape can have a different influence
on the beam ultimate strength depending upon the
aggregate size distribution (Figs. 10 and 11). For the
aggregate size distribution of Fig. 2a, the ultimate
beam strength is the highest for rhomboidal-shaped
particles and the lowest for octagonal-shaped parti-
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Figure 7.
Calculated force-deflection curves for fine-grained concrete
beam (lcm=1.5 mm, ρρ=45%, tb=0.25 mm): A) with aggregate
size distribution curve “a” of Fig. 2 (dmin=2 mm and
dmax=8 mm) and B) with aggregate size distribution curve
“d” of Fig. 2 (dmin=0.5 mm and dmax=3 mm) for three random
distributions of circular aggregates (curves “a”, “b” and “c”)

Figure 8.
Calculated localized zone in fine-grained concrete beam in notch region based on distribution of non-local strain measure corre-
sponding to load-deflection curves ‘a’, ‘b’ and ‘c’ of Figs.7A and 7B (lcm=1.5 mm, �ρρ=45%, tb=0.25 mm)

a b c

a b c

A

B

a

b
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cles (Fig. 9a, Figs. 11b and 11d). This difference
equals even 30%. In case of the aggregate size distri-
bution curve of Fig. 2b, the ultimate beam strength is
similar for all assumed particle shapes (Fig. 10b). For
the aggregate size distribution of Fig. 2c, angular-
shaped inclusions have the lower tensile strength
than circular grains (Fig. 10c). From simulations fol-
lows that the mean tensile strength is usually higher
with the larger mean grain size and the narrower
grain range (Figs. 10a, 10b, 10c and 11). 

The width of a localized zone equals approximately
wc=3 mm for ρ=60% and is not influenced by the
aggregate shape, aggregate distribution, mean and
maximum grain size (Fig. 12). In turn, the form of a
localized zone is strongly affected by the aggregate
shape contributing thus to the different strength. The
calculated width of a localized zone is in good agree-
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Figure 10.
Calculated force-deflection curves for different aggregate
shape of Fig.9: a) circular, b) octagonal, c) irregular (angu-
lar), d) rhomboidal (fine-grained concrete beam 80�320 mm2,
lcm=1.5 mm, �ρρ=60%, tb=0.25 mm) and different aggregate
size distributions of Fig.2: A) dmin=2 mm and dmax=8 mm
(curve “a”), B) dmin=2 mm and dmax=10 mm (curve “b”), 
C) dmin=2 mm and dmax=6 mm (curve “c”)

Figure 9.
Aggregate shape assumed in calculations: a) circular, 
b) octagonal, c) irregular (angular), d) rhomboidal

a

b

c

d

a

b

c

c
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ment with our experiments with fine-grained con-
crete (Figs. 4 and 5A). Our outcome is in contrast to
statements by Pijauder-Cabot and Bažant [11], and
Bažant and Oh [30] wherein the width of a localized
zone in usual concrete was estimated to be depen-
dent upon dmax. It is also in contrast to experimental
results by Mihashi and Nomura [31] which showed
that the width of a localized zone in usual concrete
increased with increasing aggregate size. The differ-
ences between our and the experimental results
(Bažant and Oh [30], Mihashi and Nomura [31]) lie
probably in a different concrete mix, specimen size
and loading type. For instance, in our other tests with
large reinforced concrete beams 6.0 m long without
shear reinforcement under bending, the width of a
localized zone in usual concrete was about 15 mm
indicating that lc=5 mm (Syroka and Tejchman [32]).
This problem merits further experimental and
numerical investigations.
According to Kim and Abu Al-Rub [7] the aggregate
shape has a weak effect on the ultimate strength of
concrete and on the strain to damage-onset, but sig-
nificantly affects the crack initiation, propagation and
distribution. The stress concentrations at sharp edges
of polygonal particles cause that the ultimate tensile
strength and strain at the damage onset are the high-
est for circular grains model. Similar conclusions
were derived by He et al. [17] and He [6]. 

3.3. Effect of volume fraction of aggregate

Circular grains with the volume of ρ=30%, ρ=45%
and ρ=60% were used (lcm=1.5 mm and
tb=0.25 mm). Figures 13 and 14 demonstrate the
effect of the aggregate volume in fine-grained con-
crete beam with the aggregate size distributions “a”
of Fig.2 (dmin=2 mm, dmax=8 mm) and “d” of Fig. 2
(dmin=0.25 mm, dmax=3 mm).

In our FE simulations, the Young modulus and ulti-
mate beam strength increase with increasing aggre-
gate density in the range of 30%-60% (Fig. 13). This
increase certainly depends on material parameters
assumed for separated concrete phases, in particular
for ITZs being always the weakest parts in concrete.
The width and shape of a localized zone are influ-
enced by the aggregate volume; a localized zone
becomes narrower with increasing aggregate volume:
wc=6 mm at ρ=30%, wc=4.5 mm at ρ=45% and
wc=3 mm at ρ=60% (Fig. 14). 

According to Kim and Abu Al-Rub [7] the Young
modulus linearly increases with increasing aggregate
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Figure 11.
Calculated force-deflection curves for different aggregate
shape of Fig. 9: a) circular, b) octagonal, c) irregular (angu-
lar), d) rhomboidal (fine-grained concrete beam
80�320 mm2, lcm=1.5 mm, �ρρ=60%, tb=0.25 mm) and differ-
ent aggregate size distribution of Fig.2: a) dmin=2 mm and
dmax=8 mm (curve “a”), b) dmin=2 mm and dmax=10 mm
(curve “b”), c) dmin=4 mm and dmax=6 mm (curve “c”) 

a

b

c

d
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volume, and the tensile strength decreases with
increasing aggregate density up to ρ=40% and
increases next from ρ=40% up to ρ=60%. The strain
at the damage linearly decreases with increasing
aggregate volume. He et al. [17] and He [6] conclud-
ed that concrete with a higher packing density of
aggregate up to 50% has a decreasing tensile strength
(due to a higher number of very weak interfacial tran-
sitional zones around aggregate). It seems that the
property of ITZ (stiffness, strength and width) is
essential for the global strength versus ρ.
Finally, Fig. 15 shows the evolution of the width and
height of the localized zone from FE calculations.
The FE results of Fig. 23 are similar as in the experi-
ments (Fig. 5). The calculated maximum width is 3.25
mm (3.5-4.0 mm in tests) and height 55 mm (50-
55 mm in tests) at u=0.2 mm. The calculated local-
ized zone linearly forms before and after the maxi-
mum vertical force in the range of u=0.025-0.05 mm
(width) and of u=0.025-0.1 mm (length). The mean
propagation rate of the calculated localized zone ver-
sus the beam deflection is similar as in experiments,
although is more uniform (Fig. 16). In the experi-
ments, a macro-crack occurred at about u=0.04 mm,
which cannot be captured by our model. In order to
numerically describe a macro-crack, a discontinuous
approach has to be used (e.g. XFEM or cohesive
crack model [35], [36], [37]).
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Figure 13.
Calculated load-deflection curves for different volume frac-
tions � of circular aggregate: a) ρρ=30%, b) ρρ=45% and 
c) ρρ=60% (concrete beam 80�320 mm2, lcm=1.5 mm,
tb=0.25 mm, A) aggregate size distribution “a” of Fig. 2
(dmin=2 mm, dmax=8 mm), B) aggregate size distribution “d”
of Fig. 2 (dmin=0.5 mm, dmax=3 mm)

Figure 12.
Calculated localized zone based on distribution of non-local strain measure in fine-grained concrete beam in notch region corre-
sponding to load-deflection curves “a”, “b”, “c” and “d” of Figs.10A, 10B and 10C (lcm=1.5 mm, �ρρ=60%,  tb=0.25 mm)

a b c dA

a b c dB

a b c dC

c

a

b
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Figure 16.
Comparison between measured (a) and calculated (b) evolu-
tion of width of localized zone wc versus beam deflection u
(maximum vertical force occurs at deflection u=0.035 mm)

Table 1.
Material parameters assumed for FE calculations of con-
crete notched beams under bending at meso-scale
(Skarżyński and Tejchman [10]) 

Parameters Aggregate Cement
matrix ITZ

Modulus of elasticity E [GPa] 40 35 30

Poisson’s ratio ν � [-] 0.2 0.2 0.2

Crack initiation strain �κ0 [-] 0.5 1 x 10-4 7 x 10-4

Residual stress level α� [-] 0.95 0.95 0.95

Slope of softening β� [-] 200 200 200

Mesoscopic characteristic
length lcm [mm] 1.5 1.5 1.5

Figure 14.
Calculated localized zone based on distribution of non-local strain measure in fine-grained concrete beam 80�320 mm2 (lcm=1.5 mm,
tb=0.25 mm) corresponding to load-deflection curves “a”, “b” and “c” of Figs. 14A and 14B

a b c

a b c

A

B

Figure 15.
The calculated evolution of width (A) wc and height hc (B) of
localized zone versus beam deflection u: a) concrete mix “a”
of Fig. 2 with dmin=2 mm and dmax=8 mm, irregular aggre-
gate, �=60%, lcm=1.5 mm, b) concrete mix “b” of Fig. 2 with
dmin=2 mm and dmax=10 mm, octagonal aggregate, �ρρ=60%,
lcm=1.5 mm, c) concrete mix “c” of Fig. 2 with dmin=2 mm

and dmax=6 mm, circular aggregate, �ρρ=60%, lcm=1.5 mm, 
d) concrete mix “a” of Fig.2 with dmin=2 mm and dmax=8 mm,
circular aggregate, �ρρ=60%, beam without notch, 
lcm=1.5 mm (• – maximum vertical force)

a

b
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5. CONCLUSIONS
The following conclusions can be drawn from 2D cal-
culations with notched fine-grained concrete beams
under quasi-static three-point bending using a simpli-
fied meso-scale numerical model (by neglecting small
aggregate grains):
• material micro-structure at meso-scale has to be

taken into account in calculations of strain local-
ization to obtain a proper shape of a propagating
localized zone,

• the calculated strength, width and shape of a local-
ized zone are in a satisfactory agreement with our
size effect experiments when the characteristic
length of micro-structure is 1.5 mm,

• the load-displacement evolutions strongly depend
on material parameters assumed for separated
concrete phases and a statistical distribution of
aggregate. The ultimate beam strength certainly
increases with increasing mean aggregate size. It
may increase with increasing volume fraction of
aggregate. It is also dependent upon the aggregate
shape,

• the width of a localized zone increases with
decreasing aggregate volume. It is not affected by
the aggregate size, aggregate shape and stochastic
aggregate distribution. The width of a calculated
localized zone above the notch changes from
about 2�lcm (ρ=60%) up to 4�lcm(ρ=30%) at
lc=1.5 mm. If lcm=5 mm, the width of a calculated
localized zone above the notch changes from
2.8�lcm (ρ=60%) up to 3.5�lcm (ρ=30%),

• concrete softening is strongly influenced by the sta-
tistical distribution of aggregate, volume fraction
of aggregate and aggregate shape.

• the calculated increment rate of the width of a
localized zone is similar as in experiments.
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